A NOTE ON MIXED MEAN INEQUALITIES 
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Abstract. We give a simpler proof of a result of Holland concerning a mixed arithmetic-geometric 
mean inequality. We also prove a result of mixed mean inequality involving the symmetric means. 



1. Introduction 



Ph. 

. Let M„^r(x) be the generalized weighted power means: M„.r(q,x) = 9*^1 )'^! where q = 

(91,92,- •• ,9n), X = {xx,X2,--- ,a^n), > 0, 1 < i < n with Y^^^qi = 1. Here M„^o(q,x) denotes 
the hmit of M„_j.(q, x) as r — 0+. Unless specified, we always assume Xj > 0, 1 < i < n. When 
there is no risk of confusion, we shall write Mn^r for M„^r-(q, x) and we also define An = Mn,i, Gn = 



The celebrated Hardy's inequality ([.7l Theorem 326]) asserts that for p > 1, a„ > 0, 



< 

u 

Among the many different proofs of Hardy's inequality as well as its generalizations and exten- 
sions in the literature, one novel approach is via the mixed mean inequalities (see, for example, [U 
Theorem 7]). By mixed mean inequalities, we shall mean the following inequalities: 

„ 1 , ,1 



n=l ^ n=l 



kXk 1 1 < ^ bm,n I ^ an,kX^ 

(N , 

! where (aij), (hj) are two m x m matrices with non-negative entries and the above inequality are 
' meant to hold for any vector x G with non-negative entries. Here p > 1 and when < p < 1 
we want the inequality above to be reversed. 

The meaning of mixed mean becomes more clear when (oij), (&j,j) are weighted mean matrices. 
Here we say a matrix A = {an,k) is a weighted mean matrix if an^k = for n < k and 



(1.2) an,k = Wk/Wn, l<k<n] Wn = '^Wi,Wi > 0,wi > 0. 

i=l 

Now we focus our attention to the case of (jl.ip for (aij) = {bij) being weighted mean ma- 
trices given in (jl.2p . In this case, for fixed x = (xi,-- - ,x„),w = {wi,--- ,Wn), we define 

Xj = (Xi,-- - ,Xi),Wi = {Wi,--- ,Wi),Wi = Yj)=iWj, Mi^r = Mi^ri'^i) = Mj^^ (wj/ , Xj) , Mj^^ = 

(Ml , Mi r)- Then we have the following mixed mean inequalities of Nanjundiah [13] (see also 

my- 

Theorem 1.1. Let r > s and n >2. If for 2 < k < n — 1, WnWk — WkWn > 0. Then 

MnA^n,r) > M„,,(M„,,), 

with equality holding if and only if xi = ■ ■ ■ = Xn- 
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A very elegant proof of Theorem II .11 for the case r = 1, s = is given by Kedlaya in [TO]. In fact, 
the following Popoviciu-type inequalities were established in [10] (see also ^ Theorem 9]): 

Theorem 1.2. Let n >2. If for 2 < k < n — 1, WnWk — W^Wn > 0, then 

H/n_i(lnM„_i,o(M„_i,i) -lnM„_i,i(M„_i,o)) < W„(lnM„,o(M„,i) - lnM„,i(M„,o)) 
with equality holding if and only if Xn = M„_i.o = M„_i^i(M„„i.o). 

It is easy to see that the case r = l,s = of Theorem 11.11 follows from Theorem II. 2[ As was 
pointed out by Kedlaya that the method used in [10] can be applied to establish both Popoviciu- 
type and Rado-type inequalities for mixed means for a general pair r > s. The details were worked 
out in [Tl] and the following Rado-type inequalities were established in [1^ : 

Theorem 1.3. Let 1 > s and n > 2. If for 2 < k < n — 1, WnWk — W^Wn > 0, then 

TV„_.i(m„„i,,(M„_i,i) - M„_i,i(M„_i,,)) < iy„(M„,,(M„,i) - M„,i(M„,, 
with equality holding if and only if xi = ■ ■ ■ = Xn and the above inequality reverses when s > 1. 

A different proof of Theorem 11.11 for the case r = l,s = was given in ^ and Bennett used 
essentially the same approach in [2] and [3] to study (|l.ip for the cases (ajj),(6ij) being lower 
triangular matrices, namely, Uij = bij = if j > i. Among other things, he showed [2] that 
inequalities (jl.ip hold when (ajj), (bij) are Hausdorff matrices. 

Recently, Holland [8j further improved the condition in Theorem ll.Sl for the case s = by proving 
the following: 

Theorem 1.4. Let n>2. If for 2<k<n-l,W^> Wk+i Yli=i ^i, then 
(1.3) Wn-i(^Mn-i,o{Mn-i,i) - M„_i,i (M„_i,o)) < (m„,o (M„,i ) - M„,i(M„,o; 
with equality holding if and only if xi = ■ ■ ■ = Xn- 

It is our goal in this note to first give a simpler proof of the above result by modifying Holland's 
own approach. This is done in the next section and in Section [3l we will prove a result of mixed 
mean inequality involving the symmetric means. 

2. A Proof of Theorem 11.41 

First, we recast ()1.3p as 
(2.1) Gn{An) - ^G„_i(A„_i) - > 0. 



We now note that 



G„(A„) = (G„_i(A„_i)) 



(2.2) G„_i(A„_i) = 



i=i 

We may assume that Xfc>0,l<A;<n and the case xt = for some k will follow by continuity. 
Thus on dividing Gni-^n) on both sides of (|2.ip and using (j2.2p . we can recast (|2.ip as: 
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We now express Xj = iWiAi — Wi-iAi_i)/wi, 1 < i < n with Wq = = to recast ()2.3p as 

Wn ^\\Ai+J Wn^\\ WiA, ) - • 

t=l 1=1 

We now set yi = Ai/Ai+i, 1 < i < 2 to further recast the above inequaUty as 
(2.4) ^''^w.^.m^.^w.) ^^j^ fW^ _ W^^-^.^lw. ^ ^ 

It now fohows from the assumption of Theorem 11.41 that 

WiWn _ „ 
c„ = 1 — > > 0, 

^ Wn-xWn - ' 

SO that by the arithmetic-geometric mean inequahty we have 

n— 1 n— 1 n— 1 n— 1 

(0 K\ TT W^W■a/{Wr^-^Wr,) _ . C„ TT W,W„ / {Wr^-^W„) ^ W-lWnVi W-lWn 

^'•^^ -\w::Wn^^~\w::Wn 

1 = 1 «=1 1=1 4=1 

Similarly, we have 

Now it is easy to see that inequality ()2.4p follows on adding inequalities (j2.5p and (j2.6p and this 
completes the proof of Thorem 11.41 



3. A Discussion on Symmetric means 
Let < r < n, we recall that the r-th symmetric function En r of x and its mean P„ ^ is defined 

by 

^ E fx) 

En.M) = n ' ^nM^ = ^tS^' 1 < r < n; i?„,o = ^'n.O = 1. 

l<ii<---<ir<n j=l 

It is well-known that for fixed x of dimension n, Pn^r is a non-increasing function of r for 1 < r < n 
with P„_i = An, Pn,n = Gn (with Weights Wi = 1, 1 < i < n). In view of the mixed mean inequalities 
for the generalized weighted power means (Theorem ll.ip . it is natural to ask whether similar results 
hold for the symmetric means. Of course one may have to adjust the notion of such mixed means 
in order for this to make sense for all n. For example, when r = 3, n = 2, the notion of ^2,3 is 
not even defined. From now on we will only focus on the extreme cases of the symmetric means, 
namely r = 2 or r = n — 1. In these cases it is then natural to define Pi^2 = and on recasting 

Pn,n-i = Gn^^"' /Hn^^ we See that it also natural for us to define Pi^ = xi (note that this is 
not consistent with our definition of Pnfi above). 

We now prove a mixed mean inequality involving P„^2 and An- We first note the following result 
of Marcus and Lopes [12] (see also pp. 33-35 in [Ij): 

Theorem 3.1. Let < r < n and Xi, i/i > for i = 1,2, ■ ■ ■ ,n, then 

PnM + y) > Pn,'M) + ^n,r(y), 

with equality holding if and only if r = 1 or there exists a constant A such that x = Ay. 



We also need the following Lemma of C. Tarnavas and D. Tarnavas |14j . 
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Lemma 3.1. Let f : ^ be a convex function and suppose for n > 2,1 < k < n — 1, 
WnWk — WkWn > 0. Then 

^ n— 1 ^ n 

TTr X] - "fir X] '^kfiWnAk - U;„Xfc). 

•^"-1 fc=l k=l 

The equality holds if and only if n = 2 or xi = ■ ■ ■ = Xn when f{x) is strictly convex. When f{x) 
is concave, then the above inequality is reversed. 

We now apply Lemma |3. II to obtain 

Lemma 3.2. For n >2 and vui = I, I < i < n, 

Pn-l,2{{n - l)A„_i) < Pn^2{ 

with equality holding in both cases if and only if n = 2 or xi = • ■ ■ = x„. 

Proof. The case n = 2 yields an identity so we may assume n > 3 here. Write ai = {n — 1 < 
i < n — l;bj = nAj — Xj,l < j < n. Note nY^^Zi ai = {n — 1) bi and now Lemma l3.ll with 

f{x) = x^ implies (n - 1) YTi=\ < YTiZl a-i- On expanding (n Yh=i '^if = (("- " 1) YJi=i ^if ^ 
we obtain 

n— 1 n 

r?^a^i+2n^ ^ aittj = {n - if ^bf + 2{n - if ^ bibj 

< n{n of + 2{n - if ^ hbj. 

1=1 i^^T^i^'^ 



Hence 



n-l 



(3.1) n^af + 2n^ ^ aiaj<2{n-lf ^ bibj. 

1=1 i<*7^i<"— 1 i<*7^i<'^ 

Using M„_2 > = -Pn,i > Pn,2, we obtain 

1 """^ 1 

i=l V 2 / l<i^i<n-l 

So by dSI]), 



V 2 / l<«7^j<n-l V2/ l<j^j<n 

which is just what we want. □ 

We now prove the following mixed mean inequality involving the symmetric means: 
Theorem 3.2. Let n > 1 and define Pn,2 = (-Pi, 2) ■ ■ ■ j Pn,2), then 

(3.2) (n - 1)(P„_1,2(P„-1,1) - P„-l,l(Pn-l,2)) < n(p„,2(Pn,l) - P„,l(Pn,2)), 

with equality holding if and only if xi = ■ ■ ■ = Xn- It follows that 

Pn,l(Pn,2) < Pn,2(Pn,l), 

with equality holding if and only if xi = ■ ■ ■ = 
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Proof. It suffices to prove (j3.2p liere. We may assume n > 2 here and we shah use the idea in 
Lemma 13.21 imphes that 

n ) 

< P„_2(?T-A„ - X„ + X„) = nP„,2(Pn,l), 

where the last inequahty fohows from Theorem 13.11 for the case r = 2. It is easy to see that the 
above inequahty is equivalent to (j3.2p and this completes the proof. □ 

Now we let n > 1 and define Pn,n-i = (-Pi,or'' ,Pn,n-i) with Pi^o = xi here. Then it is 
interesting to see whether the following inequality holds or not: 

) < Pn,n-l(Pn,l)- 

We note here that if the above inequality holds, then it is easy to deduce from it via the approach 
in [5] the following Hardy-type inequality: 

n Qi/{i-l) n 
i=l i=l 

where we define G^^^/hI'^ = xi. We now end this paper by proving the following result: 
Theorem 3.3. Let n > 1 and x > 0. Then 

n n 
1=1 i=l 

where we define /hI^'^ = xi. 

Proof. We follow an approach of Knopp [TT] here (see also [6]). For i > 1, we define 

E kxk 

k=i ^ ' 



It is easy to check by partial summation that 

n 



n 

Xi 

i=l i=l 



Certainly we have oi = xi/2 = Pi^o(xi)/2 and for z > 2, we apply the inequality Pj^i > Pi^i-i to 
the numbers xi/(i + 1), 2x2 /{i + 1), • • • , 'ia;j/(i + 1) to see that 

f ii - 1)! \ 

Oj > , 1 Pi,i_i(xi) := 7iPj,j_i(xj). 



We now show by induction that 7^ > 1/3 for i > 2, equivalently, this is 
(3.3) 3^-i(i-l)! > (i + 1)^-^ 

Note first that the above inequality holds when i = 2, 3 and suppose now it holds for some z = A; > 3, 
then by induction 

3^k\ > 3k{k + l)^-\ 

Now use (1 + l/n)" < e, we have 

3fc(fc + 1)^-^ _ 3fc(A: + 2) / fc + l Nfc+i ^ 3fc(fc + 2) 
{k + 2)>' ~ (fc + l)2 U + 2J - e{k + lf' 

It is easy to see that the last expression above is no less than 1 when fc > 3 and this proves inequality 
(|3.3p for the case i = k + 1 and this completes the proof of the theorem. □ 
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